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Abstract
A Lie group with surjective exponential function is called exponential. There are presented
supplying results on the theory of exponential Lie groups. An additional criterion for (Mal’cev)
splittable exponential Lie groups is presented as well as an additional necessary condition for
solvable exponential Lie groups. Both the conditions have the advantage that they are well
practicable. Moreover, it is shown that there exist simple non-linear exponential Lie groups. The
general case is also considered: There are given some conditions concerning the Mal’cev splittable
radical. At the end of the paper, one can find some counterexamples to some conjectures concerning
exponential Lie groups.
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The question of the surjectivity of the exponential function of real and complex Lie
groups is older than one hundred years. The first results in this area have been obtained
by Engel and Study [7,8] for some of the classical Lie groups. (Parts of these papers are
now in doubt (compare [26,28]).) Till now, one is interested in finding a criterion for the
surjectivity of the exponential function which applies to large classes of Lie groups or,
better still, to all Lie groups. While the latter problem is still unsolved, we now have
criteria for many classes of Lie groups and some hints for the general case. Most of
them deal with certain centralizers and their weak exponentiality. (A Lie group is called
weakly exponential if the exponential image of its Lie algebra is dense in G. For further
information on weakly exponential Lie groups compare [10–12,18].) We will present a
collection of new results in the theory of exponential Lie groups, i.e., Lie groups with
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consider some special cases.
In Section 1, the criterion for Mal’cev splittable exponential Lie groups as it was
presented in [24] (compare also [23]) is complemented by another equivalent formulation
which has the advantage that it is easier to check. In Section 2, one can find an example
for an exponential simple Lie group which is not isomorphic to a linear group. Section 3
contains an investigation on the role of maximal compactly embedded subgroups of
solvable Lie groups with respect to the exponentiality. In Section 4, one can find some
results for the arbitrary case. The last section contains two examples which show that the
problem of the exponentiality is rather complex. Results of this paper are parts of [26].
In the whole article, we will consider finite-dimensional structures, in particular every
Lie algebra and every vector space is supposed to be finite-dimensional. We will use the
following notations: If g is an element of a GL(V ), then gs denotes the semisimple and
gu denotes the unipotent part of the multiplicative Jordan decomposition of g. If x is an
element of gl(V ), then xs denotes the semisimple and xn denotes the nilpotent part of the
additive Jordan decomposition of x . Let G be a Lie group and H a subgroup. We denote by
NG(H) the normalizer and by ZG(H) the centralizer of H in G. If h is a Lie subalgebra of
a Lie algebra g, we denote by NG(h) the normalizer of h in G and by ZG(h) the centralizer
of h in G. For g ∈G, the subgroupZG(g) denotes the centralizer of g, as well as for x ∈ g,
the subgroup ZG(x) denotes the centralizer of x in G. Let g be a Lie algebra and h a Lie
subalgebra. We denote by ng(h) the normalizer of h in g and by zg(h) the centralizer of h
in g. If x ∈ g, then zg(x) denotes the centralizer of x in g. We denote by z the center of the
Lie algebra g, by Z the center of the Lie group G. We will denote the one-component of a
Lie group G by G0.
1. Contributions to the theory of exponential Mal’cev splittable Lie groups
Let V be a vector space over a field K with char K= 0. A Lie subalgebra g⊆ gl(V ) is
called splittable if for every x ∈ g with the additive Jordan decomposition x = xs + xn,
[xs, xn] = 0, we have xs, xn ∈ g. If g ⊆ gl(V ) is not splittable, we may consider the
splittable hull, i.e., the smallest splittable Lie algebra e(g) of gl(V ) containing g. In
Section VII.5 of [2], one can find a detailed description of splittable Lie algebras. We
observe that for every g we have ad(g)⊆ gl(g). A Lie algebra g is called Mal’cev splittable
if ad(g) is splittable.
For a Lie group G, an element g ∈G is called Ad-semisimple if Ad(g) is semisimple
in GL(g). It is called Ad-unipotent if Ad(g) is unipotent in GL(g). Similarly, for a Lie
algebra g, an element x ∈ g is called ad-semisimple if ad(x) is semisimple in gl(g). It is
called ad-nilpotent if ad(x) is nilpotent.
One can find another definition for Mal’cev splittable Lie algebras in [1].
Definition 1.1. A Lie algebra g over a field K of characteristic 0 is said to be Mal’cev
splittable if it admits a decomposition of the form g= l⊕ s⊕ n, where l is a Levi factor,
n is the nilradical, s is an Abelian subalgebra consisting of only ad-semisimple elements
such that [l, s] = {0}, and ⊕ denotes the vector space direct sum.
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equivalent. In [24], there is introduced the splittable radical, i.e., the maximal splittable
ideal of a Lie subalgebra of gl(n,R). For arbitrary Lie algebras we can formulate the
following result.
Lemma 1.2. If g is a real or complex Lie algebra, then g contains a Mal’cev splittable
ideal aad which is unique with respect to the property that ad(aad) is the maximal splittable
ideal of ad(g). Each ad-semisimple or ad-nilpotent element of g is contained in aad.
Proof. By [24, Lemma 1.4], ad(g) possesses a unique maximal splittable ideal a
containing all semisimple and all nilpotent elements of ad(g). Now we note that aad :=
ad−1(a) is a Mal’cev splittable ideal of g. Moreover, it is maximal with respect to the
demanded property: Let m⊇ aad be an ideal such that ad(m) is splittable in ad(g). Hence,
ad(m)⊆ a and thus m⊆ ad−1(a)= aad. By definition, aad contains all ad-semisimple and
all ad-nilpotent elements. ✷
We will call aad := ad−1(a) the Mal’cev splittable radical of g. We observe that it is
not possible to define aad as the maximal Mal’cev splittable ideal of g because an ideal
m might be Mal’cev splittable in its own right, while ad(m) is not a splittable subalgebra
of gl(g).
Example 1.3. Consider the four-dimensional real solvable Lie algebra generated by
elements c, u, v, w whose non-trivial Lie brackets are given by [c, v] = u, [c,w] = w.
Then the subalgebra s given by v = 0 is an ideal which is Mal’cev splittable in its own
right, i.e., ads(s) is splittable in gl(s), while ad(s) is not splittable in gl(g).
From now on, let V be a real or complex vector space. Let G be a subgroup of GL(V ).
If for every g ∈ G with Jordan decomposition g = gsgu = gugs we have gs, gu ∈ G,
then G is called splittable. Theorem 2.2 of [24] states that for an analytic subgroup G
of GL(V ) the splittability of G is equivalent to the splittability of its Lie algebra. If G is
any subgroup of GL(V ), then the smallest splittable subgroup E(G) of GL(V ) containing
G is called the splittable hull of G. A Lie group G is called Mal’cev splittable if Ad(G)
is splittable. A connected Lie group is Mal’cev splittable if and only if its Lie algebra is
Mal’cev splittable. If G is an analytic subgroup of GL(V ), then the analytic subgroup A
of G generated by the splittable radical a of g is called the splittable radical of G. If G is a
Lie group, the analytic subgroup AAd of G generated by the Mal’cev splittable radical aad
of g is called the Mal’cev splittable radical.
From now on, we denote Lie groups by a capital latin letter and their Lie algebras by
the corresponding small Gothic letter.
Lemma 1.4. Let G be an analytic subgroup of GL(V ) and a the splittable radical of g.
Then the Lie algebra of each compact subgroup K of G (with respect to the Lie group
topology of G) consists only of semisimple elements, hence is contained in a.
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we can write x = xs + xn with [xs, xn] = 0 and xn = 0. Thus expλx = expλxs expλxn,
and this one-parameter group is not contained in any compact subgroup of GL(V ). Since
the Lie group topology of G is finer than the induced topology, a subgroup of G which is
compact with respect to the Lie group topology is also compact with respect to the induced
topology. Hence, the above one-parameter group is also not contained in any compact
subgroup of G with respect to the Lie group topology. ✷
Theorem 1.5. The splittable radical A of an analytic subgroup G of GL(V ) is closed with
respect to the intrinsic Lie group topology of G.
Proof. By [9, Korollar III.8.11], for every maximal compact subgroup K of G, we obtain
(A=KA). The assertion follows from Lemma 1.4. ✷
Before we start with the investigation of the exponential function of Mal’cev splittable
Lie groups, we investigate the structure of Cartan subalgebras and Cartan subgroups of
Mal’cev splittable Lie algebras and Lie groups, respectively. This will be helpful for the
formulation of criteria for the exponentiality of Mal’cev splittable Lie groups.
Definition 1.6. Let g be a real or complex Lie algebra,
(i) An element x in a Lie algebra g is called regular if the nilspace
g0 := {y ∈ g: (∃n ∈N) ad(x)ny = 0}
has minimal dimension. The set of all regular elements of g is denoted by reg(g).
(ii) Let G be a Lie group. An element x ∈ g is called exp-regular if the exponential
function is regular at x . Otherwise it is called exp-singular. The set of all exp-regular
elements is denoted by reg exp.
(iii) An element g ∈G is called regular if the unispace
g1 := {y ∈ g: (∃n ∈N)(Ad(g)− id)ny = 0}
has minimal dimension. The set of all regular elements is denoted by Reg(G).
A Cartan subalgebra h of a Lie algebra g is a nilpotent subalgebra of g which coincides
with its own normalizer in g. Note that the nilspace g0(ad(x)) of any regular element
x ∈ g is a Cartan subalgebra and that any Cartan subalgebra is equal to such a nilspace.
Moreover, a Cartan subalgebra h is equal to
⋂
x∈h g0(ad(x)). In other words, y ∈ h if and
only if ad(x)s(y)= 0 for all x ∈ h. In solvable, in compact, and in complex Lie algebras,
all Cartan subalgebras are conjugate. In general, there are finitely many conjugacy classes
of Cartan subalgebras. The center of g is contained in every Cartan subalgebra of g, and
the union of all Cartan subalgebras of g is dense in g.
Let g be a real Lie algebra. Then the tensor product gC := C ⊗ g is called the
complexification of g. If g ⊆ gl(n,R), then the complexification can be identified with
the Lie algebra g+ ig⊆ gl(n,C).
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a representation of n. An element λ ∈ n∗\{0} is called a weight if
V λ := {v ∈ V : (∃n ∈N)(∀x ∈ n)(ρ(x)− λ(x) id)nv = 0}
is not trivial. Then V λ is called a weight space. Furthermore, we define
Vλ :=
{
v ∈ V : (∀x ∈ n)(ρ(x)− λ(x) id)v = 0}.
Moreover, V 0 is called the nilspace. The set of all weights is denoted by Λ. The vector
space V can be decomposed into V := V 0 ⊕⊕λ∈ΛV λ (see also §1 of [2]).
Assume now that V is a real vector space and n is a real Lie algebra. Then we may
consider the complexifications VC and nC. With every weight λ ∈ ΛnC we associate its
conjugate λ, the complex functional nC → C, sending an element z = x + iy ∈ nC to
λ(z) = λ(x − iy), where the bar on the right side denotes ordinary complex conjugation.
A weight λ is called real if λ(n)⊆ R. A short computation shows that then λ is identical
with its conjugate complex weight. Now we choose a set Λ+ of weights such that for any
weight λ exactly one of the weights λ, λ is contained in Λ+. For every λ ∈Λ+ we define
the real weight space V λ := (V λC ⊕ V λC)∩ V .
Since every Cartan subalgebra h of a Lie algebra g is nilpotent and ad :h→ gl(g) is
a representation, we can decompose g into a weight decomposition with respect to h. In
the solvable case, one can extend a weight λ with respect to hC to a linear form of gC,
called extended weight. In this case, we have λ(h + n) = λ(h) for every h ∈ h and the
nilradical n. For details, see Proposition 3.7 of [22].
There exist several definitions for Cartan subgroups which in the case of connected Lie
groups are all equivalent: Let G be a connected Lie group, h a Cartan subalgebra of g, and
Λ the set of the weights of gC with respect to hC. We define
C(h) := {g ∈NG(h): λ ◦Ad(g)= λ for all λ ∈Λ}
= {g ∈G: Ad(g).gλC = gλC for all λ ∈Λ∪ {0}}.
A subgroup H of a connected Lie group G is called a Cartan subgroup if L(H) is a
Cartan subalgebra of g and H = C(L(H)). In [3, IV.5.1], C. Chevalley has formulated the
following, oldest and most general definition of Cartan subgroups:
A subgroup H of a group G is called a Cartan subgroup of G if it is maximal among
the nilpotent subgroups of G and every normal subgroup S of H with |H/S|<∞ satisfies
|NG(S)/S|<∞.
In [18, Theorem A.4], K.-H. Neeb has proved that these definitions are equivalent for
connected Lie groups. In [18, Lemma A.2], it is also shown that
C(h)= {g ∈G: (∀x ∈ h)Ad(g)(adx)s = (adx)s Ad(g)}.
We easily obtain the following well-known result.
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ZG(h)⊆ C(h).
Proof. For every g ∈ZG(h) and every x ∈ h we have Ad(g)x = x , hence
Ad(g) ad(x)Ad(g)−1 = ad(Ad(g)(x))= ad(x).
So we get Ad(g) ad(x) = ad(x)Ad(g), hence Ad(g) ad(x)s = ad(x)s Ad(g) because
ad(x)s is a polynomial in ad(x). By definition, we obtain g ∈C(h). ✷
We observe that the center of G is contained in each Cartan subgroup of G. Moreover,
the Cartan subgroups of connected complex, connected compact, and connected solvable
Lie groups are connected. The Cartan subgroups of an arbitrary connected Lie group G are
connected if and only if the Cartan subgroups of the semisimple quotient G/Rad(G) are
connected (Theorem 2.1 of [11] together with [10]).
For further purposes we need the following lemma.
Lemma 1.8. Let G be a real connected Lie group, g ∈ Reg(G) ∩ expg, and x ∈ g with
g = expx . Then g1(Ad(g))= g0(ad(x)).
Proof. The inclusion g0(ad(x)) ⊆ g1(Ad(g)) is obvious. By [10, Lemma 3], we have
g1(Ad(g)) = g0(ad(x)). Since, moreover, Ad(g)y = y for every y ∈ g1(Ad(g)), we even
get g1(Ad(g))⊆ g0(ad(x)). ✷
Now we give a detailed description of Cartan subalgebras and Cartan subgroups of
Mal’cev splittable Lie algebras and Lie groups, respectively.
Theorem 1.9.
(i) If g is a real Mal’cev splittable Lie algebra and n its nilradical, then every Cartan
subalgebra h of g is equal to the vector space direct sum hl ⊕ s⊕ zn(hl + s) for some
Cartan subalgebra hl of some Levi factor l and for an Abelian subalgebra s ⊆ zg(l)
which is reductive in g.
(ii) If G is a real Mal’cev splittable Lie group and N its nilradical, then every Cartan
subgroup H of G is equal to HLSZN(HLS) for some Cartan subgroup HL of some
Levi factor L and for some Abelian subgroup S ⊆ZG(L) which is reductive in G such
that h= hl ⊕ s⊕ zn(hl + s).
Proof. (i) We note that by the alternative Definition 1.1 of Mal’cev splittability there is
a Levi factor l1 and an Abelian Lie subalgebra s1 ⊆ zg(l1) such that g= l1 ⊕ s1 ⊕ n. Since
all Levi factors are conjugate by some element g ∈ eadn, for every Levi factor l we find
an Abelian subalgebra s ⊆ zg(l) such that g = l ⊕ s ⊕ n. We note that rad(g) = s + n.
Now let h be a Cartan subalgebra of g. By [27, Theorem 1.8], there is a Levi factor l and
a Cartan subalgebra hl of l satisfying h = hl ⊕ (h ∩ rad(g)). We note that hl + rad(g) is
a solvable Lie algebra and h is also a Cartan subalgebra of hl + rad(g). Now we observe
that hl + s + zn(hl + s) is a nilpotent subalgebra of g. Moreover, hl + s is an Abelian
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there is a Cartan subalgebra c of hl + rad(g) in zhl+rad(g)(hl + s). We observe that
zhl+rad(g)(hl + s) = hl + s + zn(hl + s) and obtain c ⊆ hl + s + zn(hl + s). Since c is
a Cartan subalgebra, it is maximal nilpotent. Thus, we even get c = hl + s+ zn(hl + s).
Since hl + rad(g) is solvable, its Cartan subalgebras are conjugate, hence h is conjugate
to c. This implies the assertion.
(ii) Let H be a Cartan subgroup of G. Then by (i), its Cartan subalgebra h is of
the form hl ⊕ s ⊕ zn(hl ⊕ s) for l, hl , and s as in (i). By [27, Theorem 1.11], we
have HL(H ∩ Rad(G)) where HL := H ∩ L is the Cartan subgroup of L corresponding
to hl . By [27, Theorem 1.9(ii)], the subgroup H ∩ Rad(G) is connected. This implies
H ∩ Rad(G) = exps exp zn(hl + s). The Abelian group S := exps is reductive in G.
Moreover, we observe that ZN(HLS)⊆ ZN(hl + s)= exp zn(l+ s) by the exponentiality
of N and by Lemma 1.8. Now let n ∈ ZN(hl + s). Since ad(h)s = ad(hl + s), we have
Ad(n) ad(y)s = ad(y)s Ad(n) for every y ∈ h. This implies n ∈H ∩N , which is connected
by [27, Theorem 1.9(i)]. So we find a w ∈ h∩ n such that n= expw. Since all elements of
HLS are Ad-semisimple, we obtain Ad(h)w =w for all h ∈HLS. This implies hn= nh.
Thus n ∈ ZN(HLS). ✷
Corollary 1.10.
(i) In a Mal’cev splittable real Lie algebra, for every ad-semisimple element x there is
a Levi factor l, a Cartan subalgebra hl of l, and an s defined as in the preceding
theorem such that x is contained in hl + s+ z.
(ii) In a real Mal’cev splittable Lie group, for every Ad-semisimple element g there is
a Levi factor L, a Cartan subgroup HL of L, and an S defined as in the preceding
theorem such that g is contained in HLSZ0.
Proof. (i) follows from Theorem 1.9(i) because hl + s and zn(hl + s) commute, hl + s
consists of ad-semisimple elements, and the only ad-semisimple elements contained in
zn(hl + s) are contained in the center z⊆ n.
(ii) follows from Theorem 1.9(ii) because HLS and ZN(HLS) commute, HLS consists
of Ad-semisimple elements, and the only Ad-semisimple elements contained in ZN(HLS)
are contained in Z0 ⊆N . ✷
Assertion (i) of the preceding corollary was first shown by a different proof in [17]
(proof of Lemma 6).
Corollary 1.11. In particular, in a Mal’cev splittable real Lie algebra g of the form
l⊕ s⊕ n, every ad-semisimple element is contained in a conjugate of l+ s+ z. In a real
Mal’cev splittable Lie group G of the form LSN, every Ad-semisimple element is contained
in a conjugate of LSZ0.
Corollary 1.12. If G ∼= T N with a torus T and a normal nilpotent analytic subgroup
N , then the Cartan subgroups of G are of the form TZN(T ).
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as Proposition 4 of [16].
In [23,24], there were given characterisations of splittable, respectively Mal’cev
splittable exponential Lie groups and of exponential covering groups of splittable Lie
groups. Our next aim is to give an additional criterion for each of these cases which is easier
to check. First we cite the already existing results (version (a) is described in Theorem 3.6
of [24], both of the other versions are now partly conclusions of version (a)).
Theorem 1.13. Let G be a real connected Mal’cev Lie group. Then the following
conditions are equivalent:
(i) G is exponential.
(ii) For each ad-nilpotent x ∈ g, the centralizer ZG(x) is weakly exponential.
(iii) (a) G is Mal’cev splittable: For each ad-nilpotent x ∈ g and each Ad-semisimple
gs ∈ZG(x), there is an ad-semisimple element xs ∈ zg(x) such that gs = expxs .
(b) G is, in addition, a covering group of a splittable analytic subgroup of a GL(V ):
Let π :G→ π(G)⊆GL(V ) be a covering map. We identify L(π)(g) with g. For
each nilpotent x ∈ g and each gs ∈ ZG(x) where π(gs) is semisimple, there is
a semisimple xs ∈ zg(x) such that gs = expxs .
(c) G is a splittable analytic subgroup of a GL(V ): For each nilpotent x ∈ g and each
semisimple gs ∈ ZG(x), there is a semisimple xs ∈ zg(x) with gs = expxs .
Before we can prove the additional criteria, we show the following lemma.
Lemma 1.14. Let G be a real connected Lie group, γ an inner automorphism of G,
and x ∈ g. If for g ∈ G there is a z ∈ Z0 such that γ (g)z ∈ exp zg(x), then g ∈
exp zg(L(γ−1)(x)).
Proof. For z ∈ Z0, there is a y ∈ z with z= expy . From γ (g)z ∈ exp(zg(x)) we get g =
γ−1(γ (g)) ∈ γ−1(z−1 ·exp zg(x))= exp(zg(L(γ−1)(x))−y)= exp(zg(L(γ−1)(x))). ✷
Now we find the following additional condition which is equivalent to the conditions of
Theorem 1.13(a).
Theorem 1.15. Let G be a Mal’cev splittable connected Lie group given by the
decomposition G = LSN where L is a Levi factor, S is an Abelian analytic subgroup
of ZG(L) reductive in G, and N is the nilradical. Then G is exponential if and only if
for all ad-nilpotent elements x ∈ g, the set HAd(x) := {g ∈ ZLS(x): Ad(g) semisimple}
satisfies HAd(x)⊆ exp(zg(x)).
Proof. First assume that G is exponential. Then the inclusion HAd(x) ⊆ exp(zg(x))
follows from Theorem 1.13(a).
Now assume that HAd(x) ⊆ exp(zg(x)). By Corollary 1.11, every Ad-semisimple
element is contained in a conjugate of LSZ0. Thus, every Ad-semisimple element
s of G contained in ZG(x) is even contained in a Zγ (LSZ0)(x) for some inner
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γ (ZLS(L(γ
−1)(x))). So we have s = γ (t)z for some Ad-semisimple
t ∈ ZLS
(
L
(
γ−1
)
(x)
)⊆ exp(zg(L(γ−1)(x)))
and some z ∈ Z0. Now Lemma 1.14 yields s ∈ exp zg(x). Thus, assertion (iii) of
Theorem 1.13(a) is satisfied. ✷
As a corollary we get the following assertion which was first proved in Theorem 5
of [17] by another proof.
Corollary 1.16. Let G be a connected Mal’cev splittable Lie group and g∼=m n where
m is reductive in g and n is the nilradical. Let M be the analytic subgroup generated by
expm. If for all ad-nilpotent elements x ∈ g the centralizer ZM(x) is weakly exponential,
then G is exponential.
Proof. Observe that m can be written as l⊕ s in the denotation of Theorem 1.15. Every
Ad-semisimple element s of G contained in ZM(x) is AdZM(x)-semisimple. Thus, it is
contained in a Cartan subgroup of ZM(x) because ZM(x) was assumed to be connected.
These Cartan subgroups are exponential because of the weak exponentiality of ZM(x).
Hence, s is contained in the exponential image of zm(x) ⊆ zg(x). Now Theorem 1.15
implies the assertion. ✷
As another consequence, we get the following result (see also Corollary 4 of [17]).
Corollary 1.17. Assume that G is Mal’cev splittable, g∼=m n, where m is a subalgebra
reductive in g, n is the nilradical, and each element of the analytic subgroup M generated
by expm has an expG-regular pre-image in m. Then G is exponential.
Proof. Let x ∈ g be ad-nilpotent. For every m ∈ ZM(x) there is an exp-regular y ∈ m
such that m = expy . Thus, we get eady(x) = x . Hence, Lemma 1.8 implies [y, x] = 0.
Therefore, ZM(x) is exponential. Corollary 1.16 concludes the assertion. ✷
We can formulate Theorem 1.15 also for the more special cases described in
Theorem 1.13 (b) and (c).
Theorem 1.18. Let G be a covering group of a splittable analytic subgroup of a GL(V )
with covering map π :G→ π(G) ⊆ GL(V ). Let G be given as LSN with g = l⊕ s⊕ n
as usual (established by the Mal’cev splittability of G). The conditions of Theorem 1.13(b)
are equivalent to the condition that for every nilpotent element x ∈ g and the set Hπ(x) :=
{g ∈ ZLS(x): π(g) semisimple} the inclusion Hπ(x)⊆ exp zg(x) holds.
Proof. First suppose that G is exponential. Since every s ∈ Hπ(x) is in particular Ad-
semisimple and x is ad-nilpotent, the exponentiality of G implies Hπ(x) ⊆ exp zg(x)
by Theorem 1.15. Now assume that for every nilpotent element x ∈ g we have
Hπ(x)⊆ exp zg(x). Let s ∈ ZG(x) where π(s) is semisimple. By the Ad-semisimplicity
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Hence s ∈ Zγ (LS)Z0(x) = γ (ZLS(L(γ−1)x))Z0, and so we get γ−1(s)z ∈ Hπ(x) ⊆
exp(zg(L(γ−1)(x))) for some z ∈ Z0 and for an inner automorphism γ . Lemma 1.14
implies now the assertion. ✷
Corollary 1.19. Let G be a splittable analytic subgroup of a GL(V ). Let G be given as
LSN with g= l⊕ s⊕n. The conditions of Theorem 1.13(c) are equivalent to the condition
that for every nilpotent element x ∈ g and the set H(x) := {g ∈ZLS(x): g semisimple} the
inclusion H(x)⊆ exp zg(x) holds.
2. Simple Lie groups
The only complex simple exponential Lie groups are isomorphic to PSL(n,C) (compare
[13–15,21]). For real simple linear Lie groups, the problem of the exponentiality was
solved by Djokovic´ and Nguyen in [6]. They gave a list of all real simple linear Lie
groups which are exponential. The question is whether there are also non-linear simple
exponential Lie groups. In the following we will show that there indeed exist non-linear
simply connected simple exponential Lie groups. First we check the table of all non-
compact exponential real linear simple Lie groups of [6] in order to find candidates whose
universal covering group could be exponential.
(i) SLn(H), n 2, is exponential and simply connected. Thus, all Lie groups with Lie
algebra sl(n,H) are exponential.
(ii) PSU(p,p) is exponential, but SU(p,p) is not. Thus, its universal covering group is
not exponential.
(iii) Let p > q  1. Then SU(p, q)/Zd is exponential if and only if d is an odd divisor of
n= p+ q , and every odd prime dividing n/d is greater than n/(p− q). This means
that SU(p, q) is only exponential if for p and q the least d with the above property
is equal to 1. Thus, only in this case there may be an exponential universal covering
group.
(iv) Spin(2n,1), n  2, is exponential and simply connected, hence all connected Lie
groups with Lie algebra so(2n,1) are exponential Lie groups.
(v) Sp(p, q), p  q  1, is exponential and simply connected, hence all connected Lie
groups with Lie algebra sp(p, q) are exponential Lie groups.
(vi) Spin(2n − 1,1), n  3, is exponential and simply connected, hence all connected
Lie groups with Lie algebra so(2n− 1,1) are exponential Lie groups.
(vii) PSO(2n− 2,2)0, n  3 and odd, is exponential, but is covered by SO(2n− 2,2)0
which is not exponential. Thus, the universal covering group is not an exponential
Lie group.
(viii) Spin(2n− 2,2)/〈z〉 (compare [6, p. 277] for the definition of z), n 4 and even, is
exponential, but is covered by Spin(2n− 2,2). Thus, the universal covering group is
not exponential (compare also (vii)).
(ix) Spin∗(2n), n  3 and odd, is exponential, but not simply connected. Thus, the
universal covering group may be exponential.
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linear and not exponential. Thus, the universal covering group cannot be exponential.
(xi) Spin∗(2n)/〈z′〉 (compare [6, p. 277] for the definition of z′), n  4 and even,
is exponential, but Spin∗(2n), which covers Spin∗(2n)/〈z′〉, is linear and not
exponential. So the universal covering group cannot be exponential (compare
also (x)).
(xii) G∗ of type EIV is exponential and simply connected.
We observe that PSL(2,R)∼= PSU(1,1), which is exponential by the preceding list. But
no other PSL(n,R) is exponential.
Now we have to introduce compactly embedded subalgebras and subgroups. A subal-
gebra k of a real Lie algebra g is called compactly embedded if eadk is compact in Aut(g).
If an element x is contained in a compactly embedded subalgebra, it is called compact.
A maximal compactly embedded subalgebra is a compactly embedded subalgebra which
is maximal with this property. By [9, Satz III.7.10], two maximal compactly embedded
subalgebras are conjugate. The set of all compact elements of g is the union of all maxi-
mal compactly embedded subalgebras and is denoted by compg. A subgroup K of a real
Lie group is called compactly embedded if Ad(K) is compact in Aut(g). It is proved in
[20, Section 1] that in every connected Lie group there exist maximal compactly embedded
subgroups and that they are connected. Obviously, compactly embedded subgroups have
compactly embedded Lie algebras. By [9, Korollar III.5.17], the exponential function of
a compactly embedded connected Lie group is surjective. Thus, the maximal compactly
embedded subgroups are also conjugate. Compactly embedded subgroups of solvable con-
nected Lie groups are Abelian.
Lemma 2.1. Let G be a connected Lie group and H an analytic subgroup. If G≈ is
a connected covering group of G and ϕ the corresponding covering map, then H≈ :=
ϕ−1(H) is analytic if and only if kerϕ ⊆ expG≈ k where k is a maximal compactly
embedded Abelian subalgebra of h :=L(H≈).
Proof. We observe that H≈ = kerϕ · 〈expG≈ h〉. Then H≈ is connected if and only
if kerϕ ⊆ 〈expG≈ h〉. Moreover, since kerϕ ⊆ Z(G≈) ∩ H≈ ⊆ Z(H≈) and by [9,
Satz III.7.11], the statement kerϕ ⊆ 〈expG≈ h〉 holds if and only if kerϕ ⊆ expG≈ k for
some maximal compactly embedded Abelian subalgebra k. ✷
Since kerϕ consists of central elements and all maximal compactly embedded
subalgebras are conjugate, this statement is even true for all maximal compactly embedded
subalgebras of h.
Theorem 2.2. The universal covering group of SU(m,1) is exponential for m 3.
Proof. First, we show that by the above list SU(m,1) is exponential if and only if m 3
(compare also [6, Corollary 3.2]): Let m  3. Since (m + 1)/(m − 1)  2, every odd
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SU(m,1)/Z1 is exponential. On the other hand, if m= 2, then (m+ 1)/(m− 1)= 3. But
1 is an odd divisor of (m+ 1), and 3 is an odd divisor of (m+ 1)/1 which is obviously not
greater than 3. Thus, SU(2,1) is not exponential.
Now let m  3: We find four orbits of nilpotent elements: For the trivial orbit 0, we
get ZS˜U(n,1)(0)= ˜SU(m,1) which is weakly exponential by [18, Theorem IV.6]. The other
three orbits are described by the following representatives:
(i) x1 =

0m−2,m−2 0m−2 0m−2 0m−2
0Tm−2 0 1 1
0Tm−2 −1 0 0
0Tm−2 1 0 0
,
(ii) x2 =
0m−1,m−1 0m−1 0m−10Tm−1 i i
0Tm−1 −i −i
,
(iii) x3 =
0m−1,m−1 0m−1 0m−10Tm−1 −i i
0Tm−1 −i i

.
(For this, compare also [4, Theorem 9.3.3] where the nilpotent orbits are characterized
by signed Young diagrams.) The centralizers in su(m,1) of these elements are the
following:
(i) zsu(m,1)(x1)=


−3
m−2f · 1m−2 +A 0m−2 v v
0Tm−2 f g g
−v¯T −g f + k k
v¯T g −k f − k
 :
A ∈ su(m− 2), v ∈Cm−2, f, k ∈ iR, g ∈R
 ,
(ii) zsu(m,1)(x2)=

 −2m−1f · 1m−1 +B w w−w¯T f + k k
w¯T −k f − k
 :
B ∈ su(m− 1), w ∈Cm−1, f, k ∈ iR
 ,
(iii) zsu(m,1)(x3)=

 −2m−1f · 1m−1 +B −w ww¯T f + k −k
w¯T k f − k
 :
B ∈ su(m− 1), w ∈Cm−1, f, k ∈ iR
 .
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centralizers:
(i)


−3
m−2f · 1m−2 +A 0m−2 0m−2 0m−2
0Tm−2 f 0 0
0Tm−2 0 f 0
0Tm−2 0 0 f
 : A ∈ su(m− 2) diagonal, f ∈ iR
,
(ii)

 −2m−1f · 1m−1 +B 0m−1 0m−10Tm−1 f 0
0Tm−1 0 f
 : B ∈ su(m− 1) diagonal, f ∈ iR
.
(iii) Equal to (ii).
Now we show that the centralizers Z˜SU(m,1)(xj ), j = 1,2,3, are connected. Since by
the exponentiality of SU(m,1), the centralizers ZSU(m,1)(xj ) are connected for m 3, we
only have to check the condition of Lemma 2.1. For this we observe that for
y =
(( 1
m+1 − 1
) · 2π i 0Tm
0m 1m+1 2π i · 1m
)
the image expSU(m,1) y generates the center of Z(SU(m,1)) and, moreover, exp ˜SU(m,1)y
generates the center of ˜SU(m,1) because Z( ˜SU(m,1)) is cyclic (see [19]). Next we show
that y is contained in all of the three compactly embedded Abelian subalgebras described
above.
(i) Set
f = 2π i
m+ 1 , a1 =
(3−m) · 2π i
m− 2 , and ak =
2π i
m− 2 for k = 2, . . . ,m− 2.
Then
m−2∑
k=1
ak = 0, ak − 3
m− 2f = f for k = 2, . . . ,m− 2, and
a1 − 3
m− 2f =
−m · 2π i
m+ 1 .
If we assume that the ak are the entries of the diagonal ofA, we obtain A ∈ su(m−2),
hence y is contained in the maximal compactly embedded subalgebra described
above.
(ii) Set
f = 2π i , b1 = (2−m) · 2π i , and bk = 2π i for k = 2, . . . ,m− 2.
m+ 1 m− 1 m− 1
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m−1∑
k=1
bk = 0, bk − 2
m− 1f = f for k = 2, . . . ,m− 1, and
b1 − 2
m− 1f =
−m · 2π i
m+ 1 .
If we assume that the bk are the entries of the diagonal of B , we obtainB ∈ su(m−1),
hence y is contained in the maximal compactly embedded subalgebra described
above.
(iii) Analogous to (ii).
Thus, the centralizers Z˜SU(m,1)(xj ) are indeed connected. Moreover, the centralizers
zsu(m,1)(xj ) are isomorphic to c n where n denotes the nilradical of zsu(m,1)(xj ) and c
is a maximal compactly embedded subalgebra of zsu(m,1)(xj ). Thus, the centralizers are
equal to (exp ˜SU(m,1) c) · (exp ˜SU(m,1) n), hence weakly exponential by [11, Theorem 2.1].
This implies that ˜SU(m,1) is exponential. ✷
We emphasize the fact that the preceding theorem shows that there are even exponential
Lie groups possessing a center with infinitely many connectivity components and that
exponential Lie groups need not be covered by linear Lie groups.
3. The role of maximal compactly embedded subgroups in solvable exponential Lie
groups
In what follows, we investigate maximal compactly embedded subgroups in solvable ex-
ponential Lie groups. In particular, we will obtain necessary conditions for exponentiality
which are quite well practical. These conditions complement the characterization of solv-
able exponential Lie groups given by [22, Theorem 3.17] and [25, Theorem 3.12]. These
theorems state that exponential solvable (not necessarily Mal’cev splittable) Lie groups are
exactly those satisfying the condition (ii) of Theorem 1.13 and that, in the solvable case,
this condition is equivalent to the fact that the centralizers of the ad-nilpotent elements are
even exponential. We need the following lemma for this purpose.
Lemma 3.1. Let G be a connected Lie group and K a maximal compactly embedded sub-
group of G. Then the following assertions hold:
(i) There is a compactly embedded closed connected subgroupK1 such thatK ∼=K1 ×Z0.
(ii) If x ∈ g, then ZK(x)∼=ZK1(x)×Z0.
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K ∼=K1 ×Z0.
(ii) This is an immediate consequence of (ii). ✷
For the further consideration, we will prove the following assertion.
Lemma 3.2. Let G be a solvable exponential Lie group,K a maximal compactly embedded
subgroup, and N the nilradical of G. Then KN is exponential. In particular, for all ad-
nilpotent elements x ∈ g both the centralizers ZK(x) and ZK1(x) are connected where K1
is defined as in Lemma 3.1.
Proof. Corollary 2 of [17] implies that KN is exponential. By Lemma 3.1(i), we have
K ∼=K1×Z0 for some compactly embedded closed connected subgroupK1 of G. Because
of K1 ∩N = {1} we obtain KN ∼=K1 N . Thus, the Lie algebra is isomorphic to k1  n,
therefore it is Mal’cev splittable. Hence, also KN is Mal’cev splittable. By Theorem 1.9,
there exists a Cartan subgroup H of KN which is of the form K1ZN(K1). Now let
x ∈ g be ad-nilpotent. Since KN is exponential and x ∈ n, the centralizer ZH(x) is
connected for every ad-nilpotent element x ∈ g by [22, Theorem 3.17]. For any element
h ∈ ZH(x), there are unique elements k ∈K1 and n ∈ ZN(K1) such that h= kn= nk. In
particular, Ad(k)Ad(n) is the multiplicative Jordan decomposition of Ad(h). So we get
Ad(k)x = Ad(n)x = x because Ad(k) and Ad(n) are polynomials in Ad(h). This implies
that ZH(x) ∼= ZK1(x) × ZZN(K1)(x). In particular, ZK1(x) must be connected. This is
equivalent to the connectivity (and exponentiality) of ZK(x). ✷
It is shown in [16, Theorem 6] that for certain solvable Lie groups the condition of
Lemma 3.2 is even sufficient:
Theorem 3.3. Let G be the semidirect product of a torus T acting on a simply connected
solvable subgroup of type E (a Lie group whose exponential function is a diffeomorphism,
cf. [5]). Then G is exponential if and only if ZT (x) is connected for every x ∈ n.
In Example 5.3 below, we will show that there are also solvable exponential Lie groups
which are not of this form. As a conclusion of Theorem 3.3, we get the following result for
which one can find another proof in Theorem 5 of [17].
Corollary 3.4. Let N be an analytic nilpotent Lie group and G= T N be a semidirect
product of N with a torus T . Then G is exponential if and only if ZT (x) is connected for
each x ∈ n.
In what follows, we consider equivalent conditions to the connectivity of ZK(x) of
Lemma 3.2.
Lemma 3.5. Let G be a real solvable Lie group, K a compactly embedded analytic
subgroup of G,U ⊆Λ+, and x =∑λ∈U xλ with 0 = xλ ∈ gλ. If ZK(x) is connected and
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λ ∈U .
Proof. Since xλ = 0 for each λ ∈ U and since expy ∈ ZK(x), we get λ(y) ∈ 2π iZ for
each λ ∈ U . Since compactly embedded subgroups of solvable Lie groups are Abelian
and ZK(x) is connected and Abelian, it is exponential. Hence there is a v ∈ zk(x) with
expv = expy . Therefore, ξ := y − v ∈ exp−1(1) ∩ k because, in the solvable case, k is
Abelian. Since v ∈ zk(x) is ad-semisimple, we get ∑λ∈U λ(v)xλ = [v, x] = 0, hence
λ(v)= 0, thus λ(ξ)= λ(y) for all λ ∈U . ✷
Theorem 3.6. Let G be a real solvable connected Lie group and K a compactly embedded
analytic subgroup with K ∩ Z0 = {1}. Denote by Λ˜ ⊆ Λ the set of all extended weights
which are non-trivial on k and define Λ˜k := {λ|k: λ ∈ Λ˜}. Let p = dim k. Then the following
two assertions are equivalent:
(i) The centralizers ZK(x) of all the ad-nilpotent elements x ∈ g in K are connected.
(ii) IfC = {λ1|k, . . . , λp|k} ⊆ Λ˜k is a basis of spanR Λ˜k ⊆ ik∗, then the corresponding dual
basis B = {b1, . . . , bp} of k with λj |k(bk) = λj (bk)= δjk2π i for j, k = 1, . . . , p is a
basis also of exp−1(1)∩ k, in other words, exp−1(1)∩ k=∑pk=1Zbk .
Proof. (i) ⇒ (ii). Since k ∩ z = {0}, we have spanR Λ˜k = ik∗. Therefore, we get
dimR spanR Λ˜k = dimR k. Thus, we find the dual basis B of k corresponding to C and
satisfying λj |k(bk) = λj (bk) = δjk2π i for j, k = 1, . . . , p as usual. Moreover, for every
k = 1, . . . , p we have expbk ∈ ZK(∑pj=1 xλj ) where 0 = xλj ∈ gλj . We observe that this
centralizer was assumed to be connected. By Lemma 3.5, there is a ξ ∈ exp−1(1) ∩ k
such that λj |k(ξ) = λj (ξ) = λj (bk) = λj |k(bk) = δjk2π i for j = 1, . . . , p. This implies
bk = ξ ∈ exp−1(1) ∩ k. So we obtain ∑pk=1Zbk ⊆ exp−1(1) ∩ k. On the other hand, for
η ∈ exp−1(1) ∩ k there are αk ∈ R such that η =∑pk=1 αkbk . In particular, αj · 2π i =
αjλj (bj )= λj (η), and this is contained in 2π iZ because η ∈ exp−1(1)∩ k. Hence αj ∈ Z
and therefore exp−1(1)∩ k=∑pk=1Zbk .
(ii) ⇒ (i). Observe that because of Λ˜k ⊆ ik∗ we have λ|k = −λ|k for all λ ∈ Λ˜. In
particular, C contains at most one representative of every conjugate complex pair of Λ˜. So
we may assume that {λ1, . . . , λp} ⊆Λ+. Write x as the sum ∑λ∈Λ+∪{0} xλ with xλ ∈ gλ,
denote by Λx the set of all weights µ ∈ Λ˜ with 0 = xµ, and define Λx,k := {µ|k: µ ∈Λx}.
Note that Λx,k ⊆ Λ˜k. Now consider a basis D = {λ1|k, . . . , λq |k} ⊆ Λx,k of spanRΛx,k
and complete it to a basis C = {λ1|k, . . . , λp|k} ⊆ Λ˜k of spanR Λ˜k. Let B = {b1, . . . , bp}
be its dual basis with λj |k(bk)= λj (bk)= δjk2π i. The basis B is by (ii) also a basis of the
lattice exp−1(1)∩k. Next consider x ′ =∑qk=1 xλk . Let k ∈ ZK(x ′). Since K is Abelian and
analytic, there is a y ∈ k with k = expy . In particular, y =∑pj=1 αj bj where bj ∈ B and
αj ∈ R. Since expy ∈ ZK(x ′), we have λj (y) = 2π izj with zj ∈ Z for all j = 1, . . . , q .
Then y −∑qk=1 zkbk satisfies λj (y −∑qk=1 zkbk) = 0 for all j = 1, . . . , q . If µ ∈ Λx ,
then µ|k =∑qj=1 γjλj |k with γj ∈R. Thus, µ(y −∑qk=1 zkbk)= 0. Since every element
of k is ad-semisimple, the element y −∑pk=1 zkbk centralizes all xµ ∈ gµ with µ ∈ Λx .
Moreover, it also centralizes all xµ ∈ gµ, where µ ∈Λ+\Λ˜. Since x ∈∑λ∈Λ ∪(Λ+\Λ˜) gλ,x
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obtain expy = exp(y −∑qk=1 zkbk) ∈ exp zk(x). Thus, ZK(x) is connected. ✷
We get the following necessary conditions:
Theorem 3.7. Let G be a real solvable connected Lie group and K a compactly embedded
analytic subgroup with K ∩Z0 = {1}. Define Λ˜ and Λ˜k as in Theorem 3.6. Let p = dim k.
If the centralizers ZK(x) of all the ad-nilpotent elements x ∈ g are connected, then the
following two conditions are satisfied:
(i) K is a torus.
(ii) If C = {λ1|k, . . . , λp|k} ⊆ Λ˜k is a basis of spanR Λ˜k, then for all µ ∈ Λ˜ the condition
µ|k =∑pk=1 ekλk |k with ek ∈ {0,±1} is satisfied.
Proof. (i) follows immediately from Theorem 3.6.
Now we prove (ii). Let B = {b1, . . . , bp} be the dual basis of k corresponding to C
such that λj |k(bk)= λj (bk)= δjk2π i. Next suppose that there is a weight µ ∈ Λ˜ such that
µ|k ∈ Λ˜k\C andµ|k(bj ) = 0 for some j ∈ {1, . . . , p} (i.e., ej = 0). Since bj ∈ exp−1(1)∩k
by Theorem 3.6, we have µ|k(bj ) = µ(bj) ∈ 2π iZ\{0}. Assume that µ(bj) = ±2π i.
Thus, µ(bj ) = z · 2π i with z /∈ {0,±1). Then we have µ(bj/z) = 2π i. We observe that
λk(bj /z) = 0 for all k = j . Moreover, ZK(xµ +∑k =j xλk ) with 0 = xµ ∈ gµ and 0 =
xλk ∈ gλk was assumed to be connected. Furthermore, xµ +
∑
k =j xλk is nilpotent because
it is contained in the nilradical of g. Lemma 3.5 implies now that there is a ξ ∈ exp−1(1)∩k
such that µ(ξ) = µ(bj/z) = 2π i, and λk|k(ξ) = λk(ξ) = λk(bj/z) = λk|k(bj /z) = 0 for
k = j . The latter condition implies that ξ = βbj for some β ∈ Z\{0}. We conclude
(1/z−β)µ(bj )= 0. This implies 1/z−β = 0. Since z = ±1, we obtain a contradiction to
µ(bj) = ±2π i. So we get ejλj |k(bj )= µ|k(bj )= µ(bj )=±2π i, hence ej ∈ {±1}. This
implies the assertion. ✷
A short computation shows that G is exponential if and only if G/Z0 is exponential.
Thus, in factK∩Z0 = {1} is no restriction. So Theorem 3.7 describes necessary conditions
for the exponentiality of solvable Lie groups, which have the advantage that they can be
checked quite well.
4. Arbitray Lie groups
Now we turn to the general case. In contrast to the criterion for exponentiality in the
Mal’cev splittable and the solvable case, there does not yet exist a practical criterion in the
general case. Nevertheless, we will present results which come close to a general solution
of the problem. In particular, the Mal’cev splittable radical will play an important role.
With this tool, we get statements on the properties of centralizers of ad-nilpotent elements
which are close to the statements for Mal’cev splittable and for solvable Lie groups. Since
in the following we only will deal with Mal’cev splittable radicals but not with splittable
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splittable radical of a Lie group and a Lie algebra, respectively.
Theorem 4.1. Let G be a connected Lie group and A its Mal’cev splittable radical. Then
exp−1(A)= a.
Proof. Choose v ∈ g with expv ∈ A. Then Ad(expv) = eadv = e(adv)se(adv)n ∈ Ad(A),
hence we have e(adv)n ∈ Ad(A) because Ad(A) is splittable. This implies that (adv)n =
log e(adv)n ∈ ad(a) ⊆ ad(g). Hence also (adv)s ∈ ad(g). Therefore, ad(v)s is even
contained in ad(a), i.e., v ∈ a. ✷
Corollary 4.2. If G is exponential, then A is exponential.
Proof. For every g ∈ A, there is a y ∈ g with g = expy . By the preceding theorem, we
obtain y ∈ a. ✷
Corollary 4.3. Let G be a connected Lie group and A its Mal’cev splittable radical. Then
for every vector space complement o of a in g, we have expo∩A= {1}.
The second item of the following corollary is the comparable assertion to Theorem 1.5
for arbitrary Lie groups.
Corollary 4.4. Let G be a connected Lie group and A its Mal’cev splittable radical. Then
the following assertions hold:
(i) exp−1(1)⊆ a.
(ii) A is closed.
Proof. Assertion (i) is clear. Since exp−1(1)⊆ a, we obtain that every maximal compact
subgroup K is contained in A. Since A = AK by [9, Korollar III.8.11], we obtain
A=KA⊆A. ✷
Theorem 4.5. If G is exponential, then every analytic subgroup B containing A is expo-
nential.
Proof. We know by Corollary 4.2 that A is exponential. Now assume that B ⊇ A. Then
there is a vector space complement o of a in g such that o∩b is a vector space complement
of a in b. Corollary 4.3 implies that expo ∩ A= {1}. Since A⊇G′, Lemma 3.11 of [25]
implies that B = exp(o∩b) ·A. Now assume that g ∈ B . Then g = (expb) · a for b ∈ o∩b
and a ∈ A. The exponentiality of G implies the existence of a v ∈ o and an x ∈ a such
that expb · a = exp(v+ x). By [22, Lemma 3.1], we even obtain expb · a ∈ expv ·A. This
yields exp(−v) expb ∈ A. Moreover, we get by Lemma 3.10 of [25] that exp(b − v) ∈
exp(−v) expb ·A, and this is contained in A, hence exp(b− v) ∈ (expo)∩A= {1}. Thus
b− v ∈ o∩ exp−1(1)⊆ o∩ a= {0}. So we get b= v. This implies the assertion. ✷
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exponential. In particular, if the centralizer ZG(x) is connected, then it is even weakly
exponential.
Proof. We note that ZG(x)0 = LZ Rad(ZG(x)0) where LZ is a Levi factor in ZG(x)0.
There exists a Levi factor L in G containing LZ . Since L⊆A, this implies LZ ⊆ZL(x)⊆
ZA(x). Since the exponentiality of G implies the exponentiality of A, we know that ZA(x)
is weakly exponential. In particular, we have ZG(x)0 =ZA(x)Rad(ZG(x)0). So we obtain
ZG(x)0/Rad
(
ZG(x)0
)∼=ZA(x)/(ZA(x)∩Rad(ZG(x)0)).
Thus, ZA(x)/(ZA(x) ∩ Rad(ZG(x)0)) is weakly exponential because so is ZA(x). Thus,
ZG(x)0 is also weakly exponential by [11, Theorem 2.1]. ✷
Lemma 4.7. Let G be an exponential Lie group. If x ∈ g is ad-nilpotent and g ∈ ZG(x) is
Ad-semisimple, then g ∈ exp zg(x).
Proof. Theorem 4.5 implies that the Mal’cev splittable radical A is exponential. We
note that g ∈ A and x ∈ a. Thus, g ∈ exp za(x) by the criterion for Mal’cev splittable
exponential Lie groups (Theorem 1.13(a)). ✷
So, if one knows that for an exponential Lie group G and an ad-nilpotent x ∈ g every
connected component of ZG(x) contains an Ad-semisimple element of G, then one already
can conclude that ZG(x) is weakly exponential.
Next we consider the converse direction.
Theorem 4.8. Let G be a real connected Lie group, A its Mal’cev splittable radical, and
x an ad-nilpotent element. If ZG(x) is weakly exponential, then so is ZA(x).
Proof. First we prove that ZA(x) is connected. For this, let g ∈ ZA(x). Since ZA(x) is
Mal’cev splittable, there is an Ad-semisimple element gs ∈ ZA(x) and an Ad-unipotent
element gu ∈ ZA(x) satisfying g = gsgu = gugs . Moreover, there is an ad-nilpotent
element xn ∈ a satisfying gu = z expxn for some z ∈ Z. Further, note that gsz is Ad-
semisimple and that, by Lemma 1.8, we have xn ∈ za(x). Furthermore, we observe that
zgs is contained in a Cartan subgroup of ZG(x) by [23, Proposition 2.5]. Since the Cartan
subgroups of ZG(x) are connected by the weak exponentiality of ZG(x), we conclude
that zgs ∈ exp zg(x). Since gsz ∈ A, Theorem 4.1 implies that zgs ∈ exp za(x). Thus
g ∈ (exp za(x))2, which means that ZA(x) is connected.
Now assume that, in addition, g is regular in ZA(x). Thus, gsz is regular in ZA(x). We
know that there is a w ∈ za(x) with gsz= expw. Since gsz is regular in ZA(x), the element
w is both exp-regular in za(x) and ad-semisimple. Since eadwxn = xn, we have [w,xn] = 0
by Lemma 1.8, hence g = exp(w+ xn) ∈ exp za(x). This implies the assertion. ✷
Corollary 4.9. If for every ad-nilpotent element x ∈ g the centralizer ZG(x) is weakly
exponential, then the Mal’cev splittable radical is exponential.
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conjecture that the exponentiality of a Lie group is equivalent to the weak exponentiality
of the centralizers of ad-nilpotent elements.
5. Counterexamples
The lack of any reasonable necessary and sufficient condition for the exponentiality of
an arbitrary Lie group has caused people to speculate about possible candidates for such
conditions, notably about conditions which are easily seen to be sufficient. In order to
refute their candidacy, one looks for examples which show that a proposed condition fails
to be necessary.
The following example shows that it is not necessary for exponentiality that the radical
is exponential, nor that all centralizers of ad-nilpotent elements are exponential (in contrast
to the solvable case).
Example 5.1. We consider the Lie group G∼= (SU(2)×R)C2 given by the following
faithful representation ρ:
ρ(G)=
{(
e2π itK 0 u
0 et 0
0 0 1
)
: K ∈ SU(2), t ∈R, u ∈C2
}
.
This is a Mal’cev splittable Lie group whose radical is given by the elements with
K = 12. We note that a Cartan subgroup H of Rad(ρ(G)) is given by u = 0, K = 12.
Moreover, the elements of ZH(u) for u = 0 are exactly those with t ∈ Z. Thus, ZH(u) is
not connected, hence Rad(ρ(G)) is not exponential.
Next we show that G is exponential. For this, we check the condition of Corollary 1.16
for M = ρ(SU(2) × R). So we have to consider the centralizers ZM(w) with w ∈ g
nilpotent. The case w = 0 is trivial. Every non-trivial nilpotent element is conjugate to
u= (c,0)T, c ∈ C, by an inner automorphism. Let k = ( a b−b¯ a¯ ) ∈ K . For every element in
ZM(u) we get the conditions ae2π it = 1 and b = 0, hence
ZM(u)=


1 0 0 0
0 e4π it 0 0
0 0 et 0
0 0 0 1
 : t ∈R
 .
This implies that ZM(u) is exponential. We conclude from 1.16 that G is exponential.
Moreover, the centralizer Zρ(G)(u) = ZM(u)N , where N denotes the nilradical of G, is
solvable. Since the centralizer of (0,1,0,0)T in the Cartan subgroup

1 0 0 0
0 e4π it 0 0
0 0 et 0
 : t ∈R
0 0 0 1
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The following example shows that there are solvable exponential Lie groups which are
not of the form described in Theorem 3.3.
Lemma 5.2. Let g be a solvable real Lie algebra and Λ its extended weights. If o is a
vector space and λ ∈Λ+ satisfies λ(o) ∩ iR = {0}, then for all non-trivial v,w ∈ o with
λ(w) = 0 we have λ(v)= αλ(w) for some α ∈R.
Proof. Assume that λ(v) = a + ib and λ(w) = c + id . We observe that c = 0. Thus for
α = a/c we get λ(αw)= a+ iαd , hence λ(v−αw)= i(b−αd). This implies b−αd = 0,
therefore λ(v)= αλ(w). ✷
Example 5.3. Consider the Abelian subalgebra h of gl(7,R) generated by the following
elements:
a :=

3 −4 0 0 0 0 0
4 3 0 0 0 0 0
0 0 2 −3 0 0 0
0 0 3 2 0 0 0
0 0 0 0 1 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 0

, b :=

1 1 0 0 0 0 0
−1 1 0 0 0 0 0
0 0 1 1 0 0 0
0 0 −1 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 0

,
t :=

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0

.
We observe that this subalgebra is Abelian. Now let n be the set of all elements of the
form
( 06 v
0 0
)
with v ∈R6. Then g := h+ n is a solvable Lie algebra which is splittable, and
n is the nilradical of g, while h is a Cartan subalgebra. Let G be the analytic Lie group
in GL(7,R) generated by g. In particular, exph is a Cartan subgroup and T = expRt is
a maximal torus. We observe that the centralizer ZT (v) = {1} for all 0 = v ∈ n. Now we
check (iii) of Theorem 3.17 of [22]. The weights of h are described as follows:
λ1(a)= 3+ 4i, λ2(a)= 2+ 3i, λ3(a)= 1+ i,
λ1(b)= 1− i, λ2(b)= 1− i, λ3(b)= 1,
λ1(t)= i, λ2(t)= i, λ3(t)= i.
We observe that exp−1(1) ∩ h = exp−1(1) ∩ t = 2πtZ. Now we consider all exp-
singular elements h of h, i.e., all elements where there is at least one λk satisfying λk(h) ∈
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such that h+ t ′ is exp-regular.
Write h= αa + βb+ γ t with α,β, γ ∈R. Then λ1(h) ∈ 2π iZ if and only if β =−3α
and 4α − β + γ = 2πz for some z ∈ Z. If α = 0, then λ2(h), λ3(h) /∈ iR. If α = 0, then
h= γ t = 2πzt . In both cases, h− 2πzt is an exp-regular element.
Now we observe that λ2(h) ∈ 2π iZ if and only if β =−2α and 3α − β + γ = 2πz for
some z ∈ Z. If α = 0, we have λ1(h), λ3(h) /∈ iR. If α = 0, then h = γ t = 2πzt . In both
cases, h− 2πzt is an exp-regular element.
Next we note that λ3(h) ∈ 2π iZ if and only if α =−β and α+γ = 2πz for some z ∈ Z.
Note that then λ1(h), λ2(h) /∈ iR for α = 0. If α = 0, then h = γ t = 2πzt . Therefore,
h− 2πzt is an exp-regular element.
So we have shown that G is exponential. Now we claim that g cannot be decomposed
into a semidirect sum of the form t e with ideal e of type E. Suppose that there is such
an e. Then e contains the nilradical n= g′ by [17, Proposition 1]. Since g= h+ n, we get
e = e ∩ (h + n) = (e ∩ h) + n. This implies that h = t ⊕ o, where o := e ∩ h consists of
exp-regular elements and ⊕ denotes the vector space direct sum. Now we try to construct
such a o. We observe that o= span{a + αt, b + βt} for some non-trivial α,β ∈ R. Since
o is of type E, we have λk(o) ∩ iR = {0} for k = 1,2,3. Since λk(b + βt) = 0, we get
λk(a + αt)= βkλk(b+ βt) for some βk ∈R by Lemma 5.2. So we get the conditions
3+ 4i+ αi = β1(1− i+ βi),
2+ 3i+ αi = β2(1− i+ βi),
1+ i+ αi = β3(1+ βi),
A standard computation shows that this is impossible. So we have disproved our
assumption.
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